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Abstract 

We study the extension of a hyperelliptic K3 surface to a Fano 6- 
fold. This determines a family of surfaces of general type with pg = 
1, — 2 and hyperelliptic canonical curve, where each surface is 
a weighted complete intersection inside a Fano 6-fold. Finally, we 
use these hyperelliptic surfaces to determine an 8-parameter family of 
Godeaux surfaces with torsion Z/2. 

1 Introduction 

We begin by studying extensions of certain hyperelliptic K3 surfaces. These 
surfaces are the hyperehiptic degeneration of the symmetric determinantal 
quartic surfaces studied in [Co2j . Let D be a hyperehiptic curve of genus 3 
and A be an ineffective theta characteristic on D. We study extensions of 
the graded ring 

R{D,A)=^H\D,OD{nA)) 

n>0 

with 'Pro] R{D, A) defining D C P(2^,3^,4). In the first instance, there 
is an extension of D to a hyperelliptic K3 surface T C P(2^,3^,4) with 
10 X ^(1,1) points and containing D as a weighted hyperplane section of 
degree 2. Sections [5] and E] of this paper treat graded rings over hyperelliptic 
curves and K3 surfaces respectively, by working relative to the hyperelliptic 
double covering. 

Now, the K3 surface T is the elephant hyperplane section of a Fano 3- 
fold W C P(l,2'^,3'^,4) with 10 x i points. We think of this 3-fold as an 
extension of T, and make further extensions up to a Fano 6-fold , with 
each successive Wi containing T as an appropriate number of hyperplane 
sections. This leads to the tower 

D CT CW^ CW^ dW^ CW^ C P(l^ 2^, 3^, 4). 

This is the hyperelliptic degeneration of the symmetric determinantal quar- 
tic extensions constructed in |Co2j . Thus we can hope for a one-to-one 
correspondence of moduli between the surface T and the 6- fold . Indeed, 
we have 
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Main Theorem 1.1 For each quasismooth hyperelliptic K3 surface T C 
P(2'^,3^,4) with 10 X i points, there is a unique extension to a quasismooth 
Fano 6-fold W C P(l^, 2"^, 3^, 4) with 10 x ^ points and such that 

T = w nHinHinHsHHi, 

where the Hi are hyperplanes of the projective space P(l^, 2^, 3^, 4). 

The Main Theorem is proved in Section HI using a projection-unprojection 
construction for T and for . See [PR] and [R3] for details on projection- 
unprojection methods. 

We call the Fano 6-fold W a key variety, because it contains several 
interesting varieties as appropriate weighted complete intersections. We 
already know how to recover the curve D and the K3 surface T from W^, 
and we can also construct hyperelliptic surfaces of general type. 

Corollary 1.2 There is a 15-parameter family of hyperelliptic surfaces Y 
of general type withpg = 1, q = {), = 2 and no torsion, each of which is a 
complete intersection of type (1, 1, 1, 2) in a Fano Q-fold W C P(l^, 2^, 3^, 4) 
with 10 X ^ points. 

Each surface Y contains the genus 3 hyperelliptic curve D € \Ky\ as the 
unique hyperplane section of weight 1. These surfaces were constructed by 
Catanese and Debarre in |CDj , but our method has the advantage of being 
more widely applicable to other situations. 

In Section [5] we use the key variety method to construct a new family of 
Godeaux surfaces with torsion Z/2. 

Theorem 1.3 There is an 8-parameter family of Godeaux surfaces X with 
torsion TLjl, where each X is obtained as a Z/2-quotient of some hyper- 
elliptic surface Y constructed in Corollary \ 1.21 

The Godeaux surfaces are surfaces of general type with pg = 0, = 1, and 
their torsion group is cyclic of order < 5. The components of the moduli 
space with torsion Z/5, Z/4, Z/3 were constructed in [Rlj . and in each case 
the moduli space is irreducible, unirational, and 8-dimensional, which is the 
expected dimension. The first simply connected example appeared in [B] , 
and recently another simply connected Godeaux surface was constructed in 
[LP) using Q-Gorenstein smoothing theory. It is expected that the key vari- 
ety method will give an irreducible 8-dimensional component of the moduli 
space of Godeaux surfaces with algebraic fundamental group Z/2, although 
we have not proved that here. 
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2 Graded rings over hyperelliptic curves 

In this section we review hyperelliptic curves and their graded rings, using 
the double covering of . This is well known material covered in section 4 
of |R2] . We include this section for completeness since we will generalise to 
hyperelliptic K3 surfaces in Section [3l 

We consider the case when D is a hyperelliptic curve of genus 3. Then 
the canonical linear system \K£)\ defines a double covering of embedded 
as a plane conic, branched in 8 points Qi, • • • , Qs- The corresponding ram- 
ification (or Weierstrass) points on D are labelled Pi, . . . ,^8. The double 
covering tt: L) — > P^ determines and is determined by the g\: a free lin- 
ear system of dimension 1 and degree 2. Moreover, we have 2Pj ~ g\ and 
Kd ~ 2gl. There is a natural hyperelliptic involution h on D which swaps 
the two sheets of the double covering, and tt is the quotient map of this 
involution. 

Choose generators si, S2 of H^{D,g\). These are coordinates on P^, 
and there is a polynomial -F8('Si, S2) whose vanishing determines the branch 
locus Qi -|- ■ ■ ■ -|- Qs of vr. The double covering is C P(l, 1, 4), defined by 
the equation w"^ = F^(ySi,S2)- By considering rational functions on D, we 
have 

or more generally, 

A + • • • + Pa + (8 - a)g\ ~ Pa+i + • • • + Pg + ^gl 

We write Pi = Pi H ^ Pa, P2 = Pa+i H h Ps, then since the Bi 

are effective Cartier divisors on D we can choose constant sections 

Now v?^uv,v^ are sections of ag\^ Ag\, (8 — a)g\ respectively, so we have 
two relations = /(si,S2), = g{si,S2) and the identity w = uv. 
Here /(si,S2) is a homogeneous function of degree a on P^ with zeros at 
Qi, . . . , Qa, similarly g(si, S2), so that F = fg. 

Clearly every /i-invariant divisor class can be written in the form 

Ar^ Pi + --- + Pa + bgl^ Pa+i + • • • + Pg + (a + 6 - A)gl. 

For such a divisor A, the graded ring 

R{D,A)=^H\D,OD{nA)) 

n>0 
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can be studied relative to the base P via the double covering vr. We quote 
the following proposition from |R2j for D of genus 3, although the proposi- 
tion and subsequent graded ring calculations work for any genus with only 
minor alterations. 

Proposition 2.1 Let D he a hyperelliptic curve of genus 3 with Weierstrass 
points Pi,...,Ps, and write n: D — s- for the natural quotient by the 
hyperelliptic involution h. Then 

(1) tt^Od = Opi eOpi(-4); 

(2) TT^Ooigl) = Cpi(l) © Opi(-3); 

(3) tt^Od{Pi + • • ■ + Pa) = OpiM © Opi{a - 4)v; 

where in each case the first summand is invariant under h and the second 
is anti-invariant. 

Remark 2.2 Note that in case (1) the direct image sheaf is a sheaf of Opi- 
algebras, where the multiplication 

Opi(-4) Opi(-4) ^ Opi 

is defined via w'^ = -F(si, S2). 

2.1 The ineffective theta characteristic 

Consider the ineffective theta characteristic 

^ ~ Pi + • • • + P4 - 92 ~ i^s + • • • + ^8 - 52 

on D. An ineffective theta characteristic is a divisor class on D such that 
h^{D,A) = and 2A ~ Kd- Using Proposition EH we see that R{D,A) is 
generated by monomials in si, S2, u, v: 



n 


i?o(z),ODM)) 


H^{¥\TT,ODinA)) 





1 


1 


1 






2 




sj, S1S2, si 


3 


Zl, Z2, Z'i, Z4 


SlU, S2U, SlV, S2V 


4 


t 


uv 



The relations between these generators are either of the trivial monomial 
kind, or derived from 

= /4(S1, S2), = gi{si,S2). 
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For example, it is clear that zf = sju^ = y2, ys), where f{yi,y2,yz) 

is a rendering of /4(si,S2) in the quadratic monomials sf, siS2-, s^- fact, 
we can present all the equations as 



rank 



yi y2 
y2 yz 



Zl Z2 f2 t 
\ Z3 Z4 t g2 J 

where /2 and 52 are quadrics in yi, y2, 2/3. Taking Proj R{D, A) gives 



Zl Z3 
Z2 24 



< 1, 



D C 



^3^4), 



and the double covering of is the conic defined by the first 2x2 minor 
of the matrix. 



3 Graded rings over hyperelliptic K3 surfaces 

In this section we generalise the methods of Section [2] to hyperelliptic K3 
surfaces, and in 13.11 we construct a hyperelliptic K3 surface T that extends 
the hyperelliptic curve D of 12.11 Section [3.21 gives alternative descriptions 
of D and T, while 13.31 describes a projection construction for T which will 
be used in the proof of the Main Theorem 11.11 

A hyperelliptic K3 surface T is a K3 surface together with a complete 
linear system L such that |L| contains an irreducible hyperelliptic curve D 
of arithmetic genus g = hP{T, Ot{L)) - 1. Then L determines a 2-to-l map 
vr: T — > F where F is a surface of degree g — 1 in P^. The branch locus of 
the double covering is some divisor in |— 2i^i?|. For further details on the 
hyperelliptic dichotomy for K3 surfaces see [SD] . Del Pezzo classified the 
possibilities for F as rational scrolls or the Veronese surface. Since both 
have very simple explicit descriptions, we can analyse graded rings over any 
hyperelliptic K3 surface by calculating relative to the base F. For brevity 
we treat only the case 5 = 3, but more general examples are contained in 

mi- 

We assume that -F = Q2 C P^ is a quadric of rank 4 and the double 
cover vr: T — 5- F is branched in a curve C of bidegree (4,4), which splits 
into two components Ci + C2 of bidegree (3, 1) and (1,3) respectively. The 
components of the branch curve intersect one another transversally in 10 
points which are nodes of T. This is the hyperelliptic degeneration of the 
symmetric determinantal quartic K3 surface of |Co2] . As usual there is a 
hyperelliptic involution h: T ^ T exchanging the two sheets of the double 
cover, and vr is the quotient map of h. Let Hi, H2 be the generators of 
Pic Q, then we omit vr* to write TT*Hi = Hi on T, and TT*Ci = 2Di. 
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Let si, S2 be generators of H^{T, Hi), similarly ti, t2 for H^{T, )• Then 
there is an equation i<4^4(si, 52,^1,^2) defining the branch curve C on Q. This 
equation factors as F = f3,i{si,ti)gi^s{si,ti), which determines the splitting 
C = Ci + C2. The double cover T is given by w'^ = F, and we have 
2Di ~ 3Hi + H2 and 2D2 ~ Hi + 3H2 on T. Considering the rational 
function w/{t\si) on T, we find 

2(ifi+i/2) ~i?i + ^2. 

By analogy with the hyperelliptic curves of section [2] we write down 
graded rings 

R{T,A)=^H\T,OT{nA)) 

n>0 

where j4 is a divisor class which is invariant under h. Any such A can be 
written in the form 

^ ~ + niHi + n2H2 ~ £'2 + {m + l)Hi + {122 - l)i?2. 

The following proposition is a natural extension of Proposition 12.11 which 
allows us to describe R{T,A) relative to R{Q,7r^A). 

Proposition 3.1 Let T be a hyperelliptic K3 surface double covering of the 
rank 4 quadric Q C P^, with ramification properties as described above. 
Choose constant sections u: Ot — Ot{Di) and v: Ot Ot{D2) for the 
components Di of the ramification curve. Clearly we have = /3.i(sj,tj), 
uv = w and v"^ = gi^3{si,ti), where F = fg. Moreover, 

(1) ^,Ot = Oq®Oq{-2,-2); 

(2) -K^OriHi) = Oq{1,Q) ® Oq{-1,-2); 

(3) tx,Ot{Di) = Oqu e Oq(1, -l)v; 
with similar results for H2, D2 respectively. 

Remark 3.2 Once again we note the Og-algebra structure on 'k^Ot- The 
multiplication map 

Oq{-2,-2)®Oq{-2,-2)^Oq 
is defined via the equation w"^ = -^4,4(51, S2, ^i, ^2)- 



6 



3.1 Construction of the K3 surface T 



Write A ~ Di — Hi D2 — H2, which is an /i- invariant divisor class on 
T, satisfying H^{T,Ot{A)) = and = 7r*OQ(l). Note that A is 

the analogue of the ineffective theta characteristic in Section 12. li We can 
describe the ring R{T, A) using Proposition 13. 11 The generators for R{T, A) 
are: 



n 


H^iT^OrinA) 


H\Q,TT,OT{nA)) 





1 


1 


1 








2 


yi, y2, ys, y^ 


Slh, S2tl, 51*2, S2t2 


3 


Zi, Z2, Z3, Z4 


tiU, t2U, SlV, S2V 


4 


t 


UV = W 



The relations are again mostly trivial monomial relations, together with 
those derived from u'^ = f^^i and = 5(1,3. Some are slightly more difficult 
to write down than others, for example, 



Zit 



hvf 3,1 = SlVq2,2 + 52^92,2 = mi{yi) + ZiQliyi 



where qi and q[ are suitable quadrics rendered in yi,. . . ,2/4. The trick here 
is to make /s^i bihomogeneous by incorporating the factor ti into / and 
simultaneously taking out the excess in si, S2- Clearly we can not expect / 
to be divisible by si or by S2, and so we have a choice of ways to break up 
/ into quadrics. Fortunately, this choice is arbitrary, as any discrepancy is 
accounted for by the rank condition ([T]) below. We present all the relations 
of R{T, A) as follows 





( 


yi 


y2 


Zl 


rank 




ys 


yi 


Z2 




[ 


Z3 


Zi 





< 1, 



(1) 



Zl 

Z1Z2 

zl 

Zit 
Z2t 



t\hl 

^1*2/3,1 

^2/3,1 

qiZ3 + q^Zi 
q2Z3 + q2Zi 



^3 

Z-iZi 

zl 
zst 

Zit 



t' 



F{y^), 



491,3 

SlS2gi,3 

491,3 

q^Zi + ^3^2 

qiZi + q'iZ2 



where for example z\ 
sion *f/3,i in the variables yi 
surface 



iff 3^1 means we render the bihomogeneous expres- 
,2/4. Then Proji?(T, ^) gives us the K3 



T CP(2^3^,4), 
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which has 10 x ^(1, 1) points. Note that the curve D of Section 12.11 is 
obtained by taking a hyperplane section of weight 2 in T, avoiding the ^ 
points. 



3.2 Alternative descriptions of hyperelliptic varieties 

We can consider the curve D as a codimension 2 complete intersection inside 
a weighted homogeneous variety as fohows: let X be the second Veronese 
embedding of with coordinates si, S2,u, v, and take the affine cone CX C 
over X. Aside from the obvious -action on CX there are many other 
possibilities, and we choose a weighted C^-action with weights (1,1,2,2). 
Then the quotient Y = CX/fiC^ of CX is contained in ¥{2^,3^,A^), and is 
defined by the equations 



rank 



yi y2 
2/2 ys 



Zl Z2 
\ Z3 



Z\ 
Z2 



zz 

Zi 



\ 



X\ t 
t X2 ) 



< 1. 



The hyperelliptic curve D is simply the codimension 2 complete intersection 
^1 = f2, X2 = 92 inside Y. 

Similarly, T is a codimension 2 complete intersection in the weighted 
homogeneous space we now describe. Consider the following (C^)^-action 
on C2 X C2 X C^: 



A: (si,S2,*l,*2,^i, t") ^ {X^Si,\^S2,ti,t2,\^U,\v) 
fj,: {si,S2,ti,t2,U,v) (si, S2, fJ-'^h, ^"^12, fJ-u, fi^v). 

The 4-dimensional quotient Z = (C^ x x C2)/(i^i)(C^)2 is embedded 
in P(2^,3^,4) by the determinantal equations ([T]). The surface T is the 
complete intersection = f^^i G (6,2), v'^ = gi^s € (2,6) in Z. 



3.3 Projection of T to a complete intersection 

Consider the following projection map on del Pezzo surfaces: let Q C be 
a quadric of rank 4 and blow up a point P on Q to obtain the del Pezzo 
surface B. Then contract the two ( — l)-curves on B arising from the rulings 
of Q to get P^. Now, suppose we have a curve C on Q of type (4,4) which 
splits as C = Ci + C2 where Ci G (3, 1), C2 € (1,3) so that C has 10 nodes. 
If the centre of projection P is chosen to be one of these nodes then the two 
components Ci, C2 are projected to nodal plane cubics, and the image of P 
is the line L through these two nodes. 

Now suppose we have a hyperelliptic K3 surface T which is a double 
cover of Q branched in C. The classical projection Q P^ lifts to the 
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double cover as illustrated by the diagram below: 



T 




T B T' 




2 to 1 



Q p2 

where o": T — > T is the blowup of P in T and we write E ^ for the 
exceptional divisor. The image T' of the projection is a double cover of 
branched over the two nodal cubics. The centre of projection P in T is 
projected to a rational curve of arithmetic genus 2 double covering L away 
from the two nodes, and branched over the residual intersection with C . 

Now this diagram can also be recast as a projection-unprojection opera- 
tion in the sense of [R3], [PR]. Start from T C P(2^, 3*^, 4) with 10 x i points 
and polarising divisor A, as described in section 13.11 Choose a ^ point P 
in r, and write a: T ^ T for the (1, l)-weighted blowup of P, whose ex- 
ceptional curve is E. Then the projected surface Tg g C P(2, 2, 2, 3, 3) is 
calculated as 

T' = ProjP(r,fTM- i^), 

where certain functions on T are eliminated by the projection since they do 
not vanish appropriately along E. Geometrically, the surface Tg g is a double 
covering of P^ branched in the two nodal cubics defined by the equations of 
degree 6. 

This projection to T' can be expressed explicitly as an operation in com- 
mutative algebra. Assume the centre of projection is a ^ point at the coor- 
dinate point Py^, with local coordinates 2:3, 2:4. Then adjusting the notation 
of section [XT] slightly, write down the matrix relations 





^y2 


f 






rank 


9 






(2) 













where we reserve the right to choose /, g later. These equations are a 
subset of those for T C P(2^, 3"^, 4) after a trivial change of coordinates. The 
remaining equations for T are completely determined by 

zl = Livl + L2y2f + L^f 
zl = Mivl + M2y29 + Msg^ 

where a priori Li, Mi are linear in yi, . . . , 2/4. Indeed, the equations we have 
written down so far are sufficient to determine the two components of the 
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branch curve, and their defining equations /a^i and gi^^. We can fih in the 
remaining equations of T using the procedure outhned in Section 13. li 

Since we fixed a ^ point at Py^, the last equation for T can be written 

as 

= a2{yi,y3)yi + h{yi,y2,y3)y4 + 04(^1,2/2,^3)- 

Now the tangent cone to P must factorise because the branch curve C sphts 
into two components, so we can choose coordinates 

f = yi+ay-i, g = Pyi + ys 

so that a = yiys- This in turn forces L3 = yi, M3 = y^ so that modufo the 
minors of matrix ([2]) , the equations involving zf and take the form 

zj = Li{yi,y2,yz)yl + hy2fg + yif 
z\ = Mi{yi,y2,y3)yj + m4y2fg + ysg'^, 

where Li, Mi do not involve 2/4 and Z4, are scalars. The image of the 
exceptional curve E is defined by 2/2 = 0. 

We are finally in a position to describe the projection centred at Py^ in 
terms of explicit equations. The local coordinates near P are 23, Z4 so we 
expect the projection to eliminate these variables along with y^ (see [R3], 
example 9.13). In fact the projection also eliminates t, and we are left with 
equations ([3]) defining a complete intersection 

T^e CP(2,2,2,3,3). 

This is the hyperelliptic degeneration of the totally tangent conic configura- 
tion of [Co2]. 

4 Extending hyperelliptic graded rings 

In this section we consider extensions of the hyperelliptic K3 surface T 
constructed in section 13. H and prove the Main Theorem 11.11 As with the 
symmetric determinantal extensions of |Co2] . the most convenient way to 
extend the K3 surface T is by using the projection construction of Section 
13.31 We start from 

^r^,6CP(2,2,2,3,3), 

where T' is a double covering of P(2, 2, 2) branched in two nodal cubics. 
The image of (/9 is a curve of arithmetic genus 2, which is a double cover 
of the line joining the two nodes. Constructing ip and Tg g is equivalent to 
constructing T itself, so we prove the theorem by extending ip and T'. 

We assume that (/9 is a double cover of the line (y2 = 0) C P(2,2,2) 
branched over the points ip{l,0) and ip{0,l). Then for general T' the map 
If is 

if: P^ ^ P(2,2,2,3,3) 
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(n, v) ^ {u^,0, v^,u{u^ + av^),v{(3u^ + v^)) . (4) 

Rendering ^*{zf) in terms of yi, 2/3 we see that the image of ip is defined by 
the equations 

Ci: zl = yi{yi + ay^f (5) 
C2: zl = y^{l3yi+y^f (6) 
y2 = 0. (7) 

To define T' C P(2, 2, 2, 3, 3) we must choose two appropriate combinations 
of weight 6 in equations dSHZ])- Note that if we want the branch curves to be 
nondegenerate then we should ensure that both equations for T' involve 7/2 
nontrivially. Moreover, after incorporating 7/2 into the equations we should 
check that there are still two bona fide nodes on the branch locus at {—a, 0, 1) 
and (1, 0, —(5). So, calculating the tangent cone to each curve at these points 
forces the equations of T' to take the form 



(8) 



Ci + hQi + I2Q2 + kQs + UQa 
C2 + rriiQi + m2Q2 + "J-aQs + rn^QA, 

where a, (3, li, rai are scalar parameters and 

Qi = {yi + ay^)yl, Q2 = yl, Qs = {Pyi + y3)yh 

Qa = {yi + ay3){/3yi + ^3)7/2- 

Proof of main theorem The proof follows a similar approach to the 
main result of jCo2j and it is informative to compare the two at each stage. 
We explicitly extend the projected image Tg g C P(2, 2, 2, 3, 3) to a Fano 
6-fold Wqq C P(1'^,2^,3^) containing the image of under some map 
Define ip-'p^ ^ P(2, 2, 2, 3, 3) as in (g]) and write 990 : P^ ^ P(2, 2, 2) for the 
map 

foiyi) = ^^ fo{y2) = 0, (Poiys) = v"^. 

Then writing li, v, a, b, c, d for the coordinates on P^, up to automorphisms 
of P^ and P(l'', 2^) the general extension of (po to ^>o : P^ ^ P(l^, 2^) is 

ma) = a, mb) = b, mc) = c, md) = d, 

myi) = +2av, 

n(.y2) = + bu + cv, (9) 
niys) = 2du 

We prove that there is a unique map P^ ^ P(l^, 2^, 3^) which is a lift of 
$0 and which extends Tg g to g . 
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Write M, R, S for the coordinate rings of P^ P(l'', 2^) and P(l^, 2^, 3^) 
respectively. By equation (l9|), the map $0 induces a graded i?- module struc- 
ture on M with generators 1, u, v and uv. Similarly <I>* makes M into a 
graded S- module with the same generators. The presentation of M as a 
module over R is 

^ M (^^'"'"'"''^ © 2i?(-l) © i?(-2) ^ R{-2) © 2i?(-3) © i?(-4) 
where A is the matrix 



/- 


-y2 


byi 


cy3 


-2cdyi + Aady2 


- 2a6y3^ 




6 


-y2 


-2cd 








c 


-2ab 


-2/2 






V 





c 


b 


-y2 





(10) 



Since $ is a lift of ip we assume that the general forms of ^*{zi) are 
^*{zi) = u"^ + auv^ + siv? + S2UV + s^v^ + S4U + s^v 

^*(Z2) = Pu^V + hu^ + t2UV + t3v'^ + t4U + t^V 

where the Si{a, b, c, d), ti{a, b, c, d) are homogeneous polynomials of degree 1 
or 2 as appropriate. Then using the i?-module structure of M we can write 

^*{zi) = U{f + S4) + S2UV + S5V 
^*{Z2) = V{g + is) + t2UV + t4U 

where 

f = yi+ay3, g = Pyi+y3. 

We have used coordinate changes zi 1-^ zi + siyi and similar to absorb the 
values of si, S3, ti, into zi, Z2- The following theorem shows that there are 
unique values of Si, ti for i = 2, 4, 5 for which there are equations extending 
([5]), dS]). As a corollary, we prove that for these unique values of Sj, ti, there 
are extensions of equations Qi, ■ ■ ■ ,Q4- 

Theorem 4.1 (I) The kernel of ^* : S ^ M contains equations extend- 
ing of the form 

zf-yif"^ e R + Rzi + Rz2, 
4 - ysg"^ (£R + Rzi + Rz2 

if and only if 

S2 = (1 — aj3)a, S4 = j3a^ + o?S , S5 = a(a/3 — l)ad, 
i2 = (1 - aff)d, t4 = - l)ad, t'o = 0^a^ + ad^ ■ 
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(II) Given part (/), the equations are 

zl -yiif + Sif = -4(/ + 54)520^3 - 45255^2/1 + s^yiys + sjys 
+ 2(1 — aP)a (Sdzi — 0^2) — 2aa{f + 54)^2 

4 - ysig + t^f = -4(5 + tr,)t2dyi - 4:t2t4ays + tjyiys + tjyi 
+ 2{l-ap)d^{5az2-dzi)-2^d{g + t5)zi 

Corollary 4.2 The kernel of <I>* also contains (nontrivial) equations ex- 
tending Qi for i = 1, . . . , 4 of the form 

fyh avh fay 2 e R + Rzi + Rz2 

respectively. 

Proof The "if" part of the theorem is proved by evaluating equations 
()12|) . (I13p under $* with Sj, ti taking the values stated in the theorem. The 
remainder of the proof is for the "only if" part. 

Using the graded module structure of A;[n, over k[yi,y2,y3] via we 
write 

= {yi + ay3)u 
^*{z2) = {Pyi +y3)v. 

Then squaring either of these expressions and rendering n^, as yi, y^ 
gives equations dS]), ^ immediately. We attempt to do the same rendering 
calculation for the extended map using 

= $*(yi) - 2av 
v"^ = <^*{y3)-2du. 

We can eliminate all terms involving or v'^ from ^*(zf) to obtain 

^* (^1 -yi{f + Sif + 4(/ + S4)s2ay3 + 4s2S5d7/i - s^yiys - slys) = 
^* {z2 - ysig + t5? + 4(g + t5)t2dyi + 4*2*402/3 - tjym - tlyi) = 

modulo (a, b, c, d)M. The residual parts to these congruences are 

K = KuU + K^v + Kuvuv, 
L = LuU + LyV + Luvuv 

respectively, where 

Ku = 8{f + S4)s2ad - 2sld - 2sldyi + 2s2S^yz 

= -2{f + Sifa + 8s2S5ad + 2(/ + 54)52^1 - 2slays (14) 
Kuv = 2{f + 54)55 + 4s2ad 
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and 



Lu = -2{g + U,fd + 8t2Uad + 2{g + t5)t2y3 - 2tldyi 
Lv = 8{g + t5)t2ad - 2t^a - 2t^ay3 + 2*2*4^1 (15) 
Lu^ = 2{g + ^5)^4 + Atlad. 

Now K, L are homogeneous expressions of degree 6 in (a, b, c, d)M, and 
we prove that if they are to be contained in the submodule R + Rzi + Rz2 C 
M then Sj , ti must take the values stated in the theorem. From the definition 
of ^*[zi) in ([TT]) . the submodule R + Rzi + Rz2 is the image of the composite 

M ' ' ' ^ R®2R{-l)®R{-2) ^ R®2R{-3)eR{-2)®2R{-3)®R{-A) 



where B is the matrix 

/ 1 

f + Si U 

S5 5 + ^5 
V S2 t2 



-7/2 62/1 cya -2cdyi + 4ady2 - 2o6y3 \ 

b -y2 -2cd cys 

c -2ab -y2 byi 

c b -7/2 / 



The first 3 columns of B are the generators 1 , zi, Z2 and the last 4 columns 
are the matrix A from (llOp . which is mapped to under the composite. 
We seek vectors ^,77 G i?e 2ii(-3) i?(-2) 2i?(-3) ei?(-4) such that 



K = (1, n, f , uu) i?^, 
L = (1, u, V, Mw) Brj. 



(16) 



In order to solve for ^, 77 and consequently fix the values of Si, ti we stratify 
K,L according to degree in yi,y2,y3- In other words, write 

where K^^\ L^^^ have degree i in yi,y2,y3 and similarly we write 

^ = ^(0)+^(l) 

We begin with K^'^\ which is calculated from (I14p as 

= 2/(yiS2 - /a)?;. 

We must find ^^^^ such that 

(1, M, Mw) i?^^^'' + lower order terms. (17) 
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Comparing coefficients of yf and y|, the only solution is 

= |(s2 - a)yi - 2a^ay3, 

with the other = 0. Then the coefficient of yiys in p7|) dictates that 

S2 = (1 — a(3)a 

and therefore ^3^^ = —2aaf. An exactly similar calculation with L^^-* and 
r]^^ yields 

t2 = {I- af3)d 

and 7^2^-* = —2(3dg. 

Proceeding to the calculation for K^^\ we must solve 

+ t^v + t2uv) = (1, n, V, uv) B^^^^ + lower order terms 

(18) 

where the term involving ^3^^ is necessary to account for the lower order 
terms from equation (I17p . Now examining the coefficient of uv in (llSp . we 
obtain 

2/(s5 + aat2) = S2ef +t2ef • 

However, ^^'^^ has degree in yi by construction, so the left hand side must 
be identically 0. Hence 

S5 = —aat2 

and by considering the coefficient of uv in we find 

^4 = —f3ds2- 

Comparing coefficients of u and v in equation (llSp we obtain 

6(1 — aP)a^df = (/ + ^4)^2'^'* + ^4^3'''' + lower order terms 
2a{—s/i{f + a^) + a/ts — 52^3) = 55^2'^^ + (5 + ^5)^3'''' + lower order terms. 

bmce has de gree in y^ we must have ^2'^^ = 6(1 — a(3)a?'d. Moreover 
the coefficient of v must be divisible by which is equivalent to 

ai5 - S4 = -/3(1 - 0/3)0^. (19) 

By considering the coefficients of u, v in L(i) in the same way we get r]^^ = 
6(1 — af3)ad'^ and a further restriction on 54, t^: 

t5 - f3s4 = a{l - af3)d^ . (20) 
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Solving equations (fT9]) . (f20l) simultaneously forces 

S4 = Pa^ + Q^S 
= 0^c? + ad^, 

which in turn means that 

= -2(1 - a/3)a^ - 2aas4 
4°^ = -2(1 - a/3)d3 - 2/?dt5. 

We can finally write out ^ and r] in full 

6 = 6(1 - a/3)o2(i r/2 = -2/3d(c/ + ^5) - 2(1 - ai3)d^ 

6 = -2aa{f + S4) - 2(1 - a/3)a^ 773 = 6(1 - al3)ad^ , 

where the other = = 0. It is necessary to check that ^ and i] actually 
solve equations (jl6p when all the lower order terms are replaced, which can 
be verified directly. 

The extended equations (jl2p , (jl3p are obtained by writing out the vectors 
^, 7/ in terms of the generators of i? + Rzi + Rz2 

4 -yiif + Sif = -4(/ + 54)5202/3 - 4s2S5(iyi + s^yiys + slvs 
+ 6^1 + C3Z2 

4 - ysig + tbf = -4(5 + t5)t2dyi - 4t2t4.ay3 + t^yiys + tjyi 

+ mzi + mz2- 

This concludes the proof of theorem (|4.ip . 

Proof of corollary First observe that the fourth column of B is equivalent 
to y2 = bu + cv. Thus the extension of Qi is calculated by expressing 
fy2ibu + cv) in terms of the other columns of B. We have to find i' such 
that 

if + S4)y2{bu + cv) = [1, u, V, uv) Bu. 
The solution to this linear algebra problem is 

U2 = 2by2 + 2{l3ab - cd)c 1/3 = 2(q6^ + c^)a 

U4 = -Pas2y2 - 2ac{g + t^) + 2{cd - I3ab)s^ = b{f + S4) - I3abs2 

vq = -c{f + S4) - j3acs2 + 2bs5 u-j = 2bs2, 

where ui = y2VA — byiv^ — cy-^VQ — {—2cdyi + 4:ady2 — 2aby^)v-j uses the first 
column of B to remove any excess terms. Thus the equation extending Qi 
is ^ 

Qi'- if + 54)^2 = 2^1 + 2^2 ^^1 + 1^322- 
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Similar calculations give the equations extending Q2, Q3, Qa for which 
we list the corresponding vectors below. The equation extending Q2 is 

Q2: = 1^1 + 1^22:1 + T^zZ2, 

where 

z^i = y2Z^4 - hyiv^ - cysi^Q - {-2cdyi + Aady2 - 206^3)1/7 

V2 = ^-r{b^+pc^)b 
ap — 1 

2 

1/3 = — - — -{ab^ +c^)c 
ap — 1 

2 

1^4 = z ^ + S4) + c^{g + h)) + {I3ac + abd)y2 + 2(2 - al3)abcd 

i — ap 

= —by2 + 2c^d + (/?ac + abd)b 
vq = —cy2 + 2a6^ + (/3ac + abd)c 
z/y = —26c. 

The equation extending Q3 is 

Qs : (5 + ^5)2/2 = 1^1+ I^2Zl + l^3^2, 

where 

1^1 =y2V4- by 11^5 - cyst'e - (-2c<iyi + 4ady2 - 2ahy^)vj 

1/2 = 2(6^ + (ic^)d = 2cy2 - 2{ab - acd)b 

z/4 = —adt2y2 — 2bd{f + S4) + 2{ab — acd)t4 = —b{g + t^) — abdt2 + 2ct4 

= c[g + is) — ac(it2 ^^7 = 2ct2- 

Finally, equation (^4 is extended by 

Q4: if + S4){g + t5)y2 = vi + V2Z1 + 1/3^2 

where 

1^1 =y2V4- by 11^5 - cyz^Q - {-2cdyi + Aady2 - 206^3)1^7 

Z^2 = b{g + ts) + Ci4 - t2y2 1^3 = C(/ + S4) + 6S5 - 52^2 

U4 = -55*4 1/5 = -t2{f + S4) - 52*4 

t'e = -^2(5 + h) - S5t2 1^7 = -252*2- 

This completes the proof of the corollary. 

Given Theorem 14.11 and its Corollary, we can prove that there is a unique 
hypereUiptic Fano 6-fold g C P(l^, 2^, 3^) extending any given projected 
hypereUiptic K3 surface Tg g. Simply take the combination of equations (fT2|) . 
(jlSP and Qi corresponding to the choice ([8]) made in the definition of Tgg. 
This proves the Main Theorem 1 1.1[ 
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5 Godeaux surfaces with torsion Z/2 



In this section we describe a family of hyper elliptic surfaces Y of general type 
with pg = 1, q = 0, and = 2. Each surface 1" is a complete intersection 
inside a key variety W constructed in Main Theorem 11.11 We then find 
an appropriate subfamily of surfaces that are Galois etale Z/2-coverings 
of Godeaux surfaces. In particular, we give an explicit description of the 
fixed point free Z/2-action on Y, which is the restriction of an appropriate 
Z/2-action on the key variety W. 

5.1 Coverings of Godeaux surfaces 

Let X be the canonical model of a surface of general type with pg = 0, 
= 1. We call X a Godeaux surface, and we assume that the torsion 
subgroup TorsX C PicX has order 2. Write a for the generator of TorsX, 
and consider the Galois etale double covering f : Y ^ X induced by a. The 
covering surface is constructed by taking Y = Proi R{Y, K x , cr) , or written 
out in full 

Y = Proj riKx) H\X, riKx + a)) . 

n>0 

The surface Y is the canonical model of a surface of general type with pg = 1, 
q = 0, = 2, and the extra Z/2-grading on the ring R{Y, Kx,cr) deter- 
mines a fixed point free Z/2 group action on Y, where the first summand is 
invariant and the second is anti- invariant. The quotient by this group action 
is the map /. 

Moreover, an analysis of R(Y, Kx, cr) reveals that the canonical curve of 
Y must be hyperelliptic. 

Lemma 5.1 If Y is the unramified double covering of a Godeaux surface 
with torsion 1i/2, then the canonical curve section D in \Ky\ is hyperelliptic. 

This lemma was also proved in |CDj . using a monomial counting proof. We 
use a Hilbert series approach which has some advantages, and yields slightly 
more information about the group action for use later. 

Proof Define the bigraded Hilbert series of the ring RiY, Kx,o') by 
PY{t,e) = {h\X,nKx)t'^ + h°{X,nKx + a)t^e) , 

n>0 

where t keeps track of the degree, and e keeps track of the eigenspace, so 
that = 1. Then using the Riemann-Roch theorem, 

Py (i, e) = l + et + 2t^ + 2t^e + + At^e + ... 
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which can be written as the rational function 

. , 1 + (e - l)t* + (-2e - 2)t^ + (-4e - 6)t^ + (7e + 8)^^ + . . . 

(l-ei)(l-t2)(l- 6*2)2(1 _t3)2(l_ei3)2 

Using well-known Hilbert series properties would normally indicate that Y 
is a subvariety of P(l, 2'^, 3^). However, the first nontrivial coefficient in the 
numerator is not negative, due to the bigrading. Thus we must introduce 
an extra generator of degree 4 in the negative eigenspace, dividing Py(t,e) 
by (1 — et^) so that the numerator becomes 

l-t^ + (-2e - 2)t^ + (-4e - 6)1^^ + .... 

The extra — term in the numerator suggests that it is necessary to intro- 
duce a relation in degree 4, which does not eliminate the new generator of 
degree 4. Thus the canonical curve section of Y must be hyper elliptic, and 
is given by L» C P(24,3^4). 

Now, we can construct hyperelliptic surfaces Y of general type using the 
key variety of Main Theorem 11.11 

Theorem 5.2 There is a 15 -parameter family of hyperelliptic surfaces Y of 
general type with pg = 1, q = 0, = 2 and no torsion, each of which is a 
complete intersection of type (1, 1, 1, 2) in a Fano 6-fold W C P(l^, 2^, 3'^, 4) 
with 10 X ^ points. 

The proof is identical to that of |Co2j . Theorem 4.1, and we obtain the 
canonical model of Y using this construction. In order to find Godeaux 
surfaces with Z/2-torsion, we must determine which hyperelliptic surfaces 
Y have an appropriate Z/2-action. To do this we study the Z/2-action on 
the hyperelliptic curve D, and extend it to the key variety W. 



5.2 The canonical curve 

Now let f : Y ^ X he the etale double cover of a Godeaux surface X and 
suppose D is a nonsingular curve in \Ky\, similarly C in \Kx -\- cr\. By 
Lemma [5. 11 D is a hyperelliptic curve and C has genus 2 so is automatically 
hyperelliptic too. Let vtd : D — > Q = denote the quotient map of the hy- 
perelliptic involution on D, similarly ttc : C — > P^. Since D is an unramified 
double cover of C via this induces a double covering of Imnc = P^ by 
Q. 

We get the following picture: 
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There is a fixed point free involution on the curve D induced by the unram- 
ified double cover which we call the Godeaux involution. We use the 
same notation for the Godeaux involution and the torsion element a € Pic X. 
The Weierstrass points of D must be invariant under cr, so there is a natural 
division of these eight points into two sets {Pi, . . . , P4} and {P5, . . . , Pg}, 
which are interchanged by a. 

Now consider the ineffective theta characteristic = Ky\d on D which 
is determined by the surface Y . The divisor class is invariant under both 
a and the hyperelliptic involution, so a priori the only possibilities are 

AD^Pi+P2 + P-i + Pi- gl ^ Ps + Pe + Pj + Ps-gl 

AD^Pl+P3 + P5+P7-gl-P2 + P4 + Pe + P8-9l 

The difference between these is that the former is only c-invariant as a 
divisor class, whereas the latter is an a-invariant divisor. 

Now, we have already constructed the graded ring R{D,A£i) in section 
12. li Furthermore by the adjunction formula, it is clear that ~ 2 Ad ~ 
Kf). However, these two divisor classes Ajy and §2 are distinct, because the 
§2 is effective whereas Ad is ineffective. Thus we have a 2-torsion class 

T = AD-gl 

on D, which corresponds to a genus 5 unramified double cover E of D, where 
E = Proj R{D, Ad,t) = Proj hAd) uAd + r)) . 

n.>0 

We outline the procedure to construct the bigraded ring R{D,Ad, t). Using 
the notation of section O write si, S2 for the sections of the and 

u: Od^Od{Pi + --- + P4), v. Od ^ Od{P^ + ■ ■ ■ + Pfi). 
We can very quickly write down generators and relations for R{D,Ad,t): 



n 


H<^{D,nAD) 


H^{D,nAD + T) 





k 


4> 


1 




Sl,S2 


2 




U, V 


3 







Thus P is a complete intersection 

^4,4 CP(1,1,2,2), 

defined by equations = /4(si,S2) and v'^ = (74(51, 52)- The polynomials 
/ and g are functions on whose vanishing determines the splitting of the 
Weierstrass points of D into two sets of four. 
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The curve E comes bundled at no extra cost with the fixed point free 
involution t: E ^ E associated to the torsion r of D. We recover the re- 
stricted algebra R{D,Ky\d) of section l2.1l by taking the r-invariant subring 
oiR{D,AD,T): 

R{D,Ad) = R{D,Ad,t)^^1 

For future reference, we write out the action of r on £^ using the eigenspace 
table above 

Sl I— > — Sl, S2 ^ —S2, u I— > — n, V I— > —V. 

Now, we claim that the covering curve E completely determines the 
Godeaux involution a on D. First observe that D is a quotient of E, and 
that this covering curve only exists because D is the curve section of \Ky\- 
Thus a lifts to the curve E and should be compatible with the involution r 
on E, so that cr^ = 1 or r on E. 

Proposition 5.3 The action of a on E is given by 

Sl I— > isi, S2 I— > —is2, u ^ iv, V ^ iu, 

so that a"^ = T and the group {(J,t) is isomorphic to Z/4. Moreover, the 
polarising divisor of D is 

Ad^ Pi + P2 + Pz + Pi- gl P5 + P6 + P7 + P8- gl 

Proof The Hilbert series of Lemma fS. II gives the eigenspace decomposition 
of a on D, which we must abide by. In particular, R{D,A£)) should have 
only one invariant generator in degree 2, and the generator in degree 4 should 
be anti- invariant. This forces = r, so that the group {a, r) acting on E 
is Z/4 rather than Z/2 © Z/2. 

Now, there are two possibilities for a depending on the representation of 
Ad chosen from equation (|21|) . The correct choice is 

Sl I— > isi, S2 I— > —is2, u i—f iv, V iu, 

which corresponds to the first possibility in (I2ip . Indeed, the alternative 

sii— >isi, S2 I— > — is2, u ^ iu, v^iv, 

is obliged to have two fixed points on D at the coordinate points Py^ and 
Py^, and so can not possibly be the Godeaux involution. 
Hence we have 

Ad^ Pi + P2 + Pz + Pi- gl P5 + P6 + P7 + P8- gl 
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with corresponding action on R{D,Aj:i) given by 



rank 



where 



/ yi y2 
V2 ys 



z\ 2:3 

Z2 Zi 



\ 



12 t 
t 92 j 



< 1 



rank 



-yi 


y2 


-Z3 


-Zl 


y2 


-y3 




Z2 


-zs 


Zi 


-92 


-t 


-Zl 


Z2 


-t 


-f2 



f2 = otiyl + Oi2yiy2 + a^yiy^ + a^yl + a5y22/3 + otQvl 
92 = -oiiyf + a2yiy2 - aayiys - "4^1 + 05^2^3 - 



a&yl 



< 1, 



and the involution has no fixed points as long as ai and are not zero. 
This proves the proposition. 



5.3 Involution on the K3 surface 

Moving one step up the tower, we lift the involution a on the canonical curve 
section D to the hyperelliptic K3 surface T C P(2^, 3"^, 4), which contains D 
as a quadric section. 

The whole argument becomes quite transparent when viewed in terms 
of commutative algebra. The graded ring i?(T, At) is described explicitly 
in section 13. H and after eliminating one of the generators in degree 2, we 
obtain R{D, Ad). Now if D is the unramified double covering of a Godeaux 
curve C with its involution a: D ^ D from Proposition 15.31 then: 

Proposition 5.4 There is at least one K3 surface T containing the curve 
D such that the involution a on D has a unique lift to T. Moreover, such a 
lift a: T ^ T has four fixed points which are \ points of T . We call a the 
Godeaux involution on T. 

Remark 5.5 This is surprising because we are looking for a fixed point free 
involution on the covering surface Y , so it would be reasonable to expect 
that the involution on the K3 surface is free. 



Proof Step (1) Determining the character of a. Temporarily choose co- 
ordinates on T so that D = T Ci (7/4 = 0), where ?/4 must be semi-invariant 
under any putative involution. Then the determinantal equations ([T]), which 
partially define T, take the general form 

(yi + ay4 y2 + Py^ zi \ 
y2 + 72/4 2/3 + Sy4 Z2 < 1, 
Z3 t J 
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where a, (5, 7, 5 are scalars. Now if a lifts to T, then our choice of coordinates 
means that the action of o" on T is predetermined hy (t\d from Proposition 
15.31 excepting the new variable 1/4. Since T is a double covering of a quadric 
Q C of rank 4, the determinantal equations force a = 5 and /? = —7. 
Thus 2/4 is anti- invariant, and the signature of u on Q is (1,3). We can 
recalibrate the coordinate system so that the determinantal equations and 
involution on T are 





( 


yi 


y2 


z,) 






/ 


-yi 


2/3 


-z?, 


rank 




y3 




Z2 




rank 




y2 


-2/4 


za 




\ 


Z3 




t ) 






I 


-z\ 


Z2 


-t 



where the original curve D is obtained from T by taking the anti-invariant 
quadric section 2/2 = 2/3- 

Step (2) Fixed points of a. First observe that the involution on T swaps 
the two branch curves, and also swaps the sheets of the hyperelliptic double 
covering tt: T ^ Q. Thus any fixed points of a lie on both components of 
the branch curve, and so must be ^ points of T. 

For a ^ point of T to be fixed under a, one of two things must happen: 

2/1 = 2/4 = 2/2 - y3 = 0, or y2 + y-i = 0. 

The only case we need to worry about is when 2/2 + 2/3 = since the other 
case reduces to the curve D, on which a is fixed point free by hypothesis. 
To ensure Ci and C2 are interchanged under o", their equations are of the 
form 

/3,1 = Clis\ti + a2s\s2tl + 03^152*1 + a4'S2*l 

+ Pislt2 + f32s\s2t2 + (33Slslt2 + f3islt2, ^^^^ 

91,3 = -aisitl + a2Sitlt2 - assitit^ + 0431*2 

+ PiS2tl - p2S2tlt2 + p3S2tltl - ^^824, 

on Q = X P^. Note that there is more than one possible choice of /s^i, 
gi^3 for which T n (?/2 = 2/3) = D, so we can not claim that T is unique in 
the statement of the proposition. We can assume 2/2 = 1, ys = — 1, then for 
a general choice of branch curve there are four fixed points on T. These are 
(A, 1, —1, — 1/A, 0, 0, 0, 0, 0), where A is a root of the quartic equation derived 
from evaluating equations (|22p 

aiA^ + (02 - /3i)A3 + (03 - P2)X^ + ("4 - /33)A - Pa, 
which proves the proposition. 
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5.4 Involution on the Fane 6-fold 



We extend the involution on the K3 surface T to the Fano 6-fold W con- 
structed in Main Theorem ll.il To do this we use a Z/2-equivariant form of 
the projection-unprojection construction described in Section f3.3[ 

We begin with a Z/2-equivariant unprojection construction for the K3 
surface T with a Godeaux involution. Recall from Proposition 15.41 that if T 
has a Godeaux involution a, then a has four fixed points, each of which is a 
^ point. Let P be one of these fixed points, and project from P, to obtain 

^r^,6 CP(2,2,2,3,3). 

Here T' is a double cover of branched in two nodal cubics, and P is 
projected to the image of ip, a double covering of the line through the two 
nodes. There is an induced involution on T', which swaps the two branch 
cubics and leaves the image of if invariant. We call this a 7^ /2-equivariant 
projection. 

Examining the equations of T' as described in Section \3.3\ the determi- 
nantal equations for T are 





( y2 


/ 






rank 


9 






1- 




^2 


Z4 







where f = yi + ay^, g = ayi + 1/3 because the two branch curves are 
interchanged by a. Proposition 15.41 fixes the involution on T as 

f ^ 9, 92^-92, 9^f, Zi^-Z2, Z2^-Zi, ^^^^ 

^ -2/4, z^ ^ 24, Zi 1-^ zs, -t 

and we note that this implies cr{yi) = 2/3, cr{ys) = yi. Hence referring to 
Section 13.31 the equations of Tg g C P(2, 2, 2, 3, 3) must be of the form 

zi = 91 f + 92{hf + 1292 + kg) + imfg 

(24) 

Z2 = 939 + 2/2(^3/ - h92 + kg) - Imfg, 

where li are scalars. The remaining equations of T can be calculated from 
those of T' using the unprojection procedure outlined in Section 13.31 

There are three isolated fixed points on T' when zi = Z2 = yi + ys = 0, 
which correspond to three of the 9 x ^ points as expected. Further, T' has 
two fixed points on the unprojection divisor which arise from the fact that 
the centre of projection P was itself a fixed point. Indeed, suppose we have 
a local orbifold chart for a neighbourhood of the ^ point P in T. This is the 
quotient of by Z/2 acting by —1 on both coordinates. Then writing u,v 
for the coordinates on C^, a lifts to the chart as 

u I— > —iv, V i—f —iu 
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by equation (f23l) . The Kawamata (1,1) weighted blowup at P introduces 
the ratio {u : v) as the exceptional P^, which is then embedded in T' by 
93. Thus the induced action of a on the image of (p inside T' has two fixed 
points at ^{1, 1) and p{—'^-, 1). 

It is important to note that the Z/2-equivariant projection-unprojection 
construction for T relies on the choice of ^ point P. As such we can no longer 
assume there is a canonical choice of curve D C T defined by setting f = g, 
as we did in the proof of Proposition 15.41 The choice of covering curve D 
is made by taking any anti-invariant quadric section of T which avoids the 
10 X ^ points. Indeed, the quadric f = g contains the point P and so is no 
longer a valid choice. 

Now, we claim that the involution on T can be extended to the Fano 
6-fold W at the top of the tower. 

Proposition 5.6 Suppose T C P(2'*, 3^, 4) is a K3 surface with 10 x ^ points 
and a : T ^ T is a Godeaux involution lifted from some quadric section D C 
T. Then there is a lift of a to the unique Fano Q-fold W C P(l'^, 2^, 3^, 4) 
extending T which was constructed in Main Theorem \l.l{ Moreover the fixed 
locus of the involution a: W —>■ W consists of four isolated ^ points. 

Proof Project from one of the fixed | points on T to get 

ip-.F'^ ^ Tqq C P(2^32). 

Following the extension procedure outlined in the proof of Main Theorem 
11.11 the extended map 

$: p5 ^ VFg^e C P(1^2^32) 

must be 

^> : (a, b, c, d, u, v) ^-^ (a, b, c, d, + 2av, bu + cv, v"^ + 2du, fi, /2), 
where 

/i = n (/ + a{a^ + ad^)) + (1 — a'^)auv + a(a^ — l)adv, 
/2 = ^ (5 + a{aa'^ + c?^)) + (1 — a'^)duv + 0(0^ — l)adu. 

To make $ compatible with the lift of o" : T ^ T defined by equation ()23p , 
the action on P^ must be 

u I— > —V, V 1-^ —u, a I— >■ —d, b i-^ c, c t—^ b, d^ —a. 

Thus <I> is fj-equivariant, so the equations defining the image of <I> are in- 
variant and consequently W C P(l^,2^,3^) can be chosen to be invariant. 
Alternatively, a direct calculation following the proof of Main Theorem 11.11 
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demonstrates explicitly that the equations of the image of <I> are invariant. 
Hence by Z/2-equivariant unprojection, the involution lifts to the 6-fold W. 

Now outside the image of there are just three isolated points on W' 
that are fixed under a. These are the same ^ points that were fixed under 
a\T'- On the image of $ itself there are two copies of C whose image 
under $ are fixed by a. These are defined by 

n{u = v,a = d,b = -c), n (u = -v, a = -d,b = c), 

and they are the analogue of the two fixed points on (p{^^) C T'. Fortunately 
these nonisolated fixed loci are contracted to the centre of projection P 
on W, so that a fixes just four isolated ^ points there. This proves the 
proposition. 

6 Godeaux surfaces with torsion Z/2 

Given a hyperelliptic tower D C T C W where W is the unique Fano 6- 
fold extending the K3 surface T, suppose the curve D is a double cover of 
a Godeaux curve C. Now, suppose further that the tower is constructed 
so that the Godeaux involution a on D lifts to T and subsequently W as 
described in Propositions 15.41 and 15. 6i Write A for the hyperplane class on 
W so that Ow{A) = Ow{l), and -Kw = 4A. Then a induces a Z © Z/2- 
bigrading on the ring R(W, A) according to eigenspace: 



n 


H°{W,nA)-^ 


H°{W,nA)- 


1 


a — d,b + c 


a + d,b — c 


2 


yi + ys 


yi - 2/3, 2/2, y4 


3 




Zl + Z2,Z3 - 


4 




t 



Now by Theorem \5.2\ we can construct a surface Y of general type with 
Pg = I, = 2 as a complete intersection inside W as long as Y avoids 
the ^ points of W , which is an open condition. Referring to the above table 
and the eigenspace decomposition on Y given by lemma ISTj if we y to be a 
complete intersection of type (1"^, 1+, 1~, 2~) inside W then a\Y will be the 
fixed point free Godeaux involution. Hence we have: 

Theorem 6.1 There is an 8 parameter family of Godeaux surfaces with 
'L/2-torsion. 

The parameter count is a matter of calculating the moduli of W using Main 
Theorem II. H Section 15.41 and then counting the number of free parameters 
involved in choosing the complete intersection (1^, l"*", 1~, 2~). 
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